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a b s t r a c t
A system of a superconducting charge qubit with gate change nea12 interacting with a single-mode
microwave cavity ﬁeld, coupled to its reservoir, is introduced. The system is transformed into the usual
Jaynes–Cummings model by canonical transformation. Analytical and numerical results under certain
parametric conditions are obtained by means of which we analyze the inﬂuence of the damping terms
and the detuning on the dynamics of Wehrl entropy and purity loss of the states. The results indicate the
sensitivity of these aspects to change either in the decay or in the detuning parameters. An interesting
relation between the correlation and decoherence effect is observed.
& 2014 The Authors. Published by Elsevier Ltd.
1. Introduction
The basic element of the quantum information theory is the
quantum bit (qubit) which is considered as a two-level system. In
the quantum information and more precisely in the quantum
computer, there is an important interest in studying the information
due to the phase space question which would be raised in a density
operator. In this context we may refer to a recent review of the
latest developments in some of the leading approaches for a
number of physical systems as candidates for quantum computation
are found in Ref. [1] and the current status and characteristics of
different types of qubits are reported in Refs. [2,3]. Since the
information is coded in a density operator, we therefore ask how
to measure the information in the density operator. Quasi-
probability distribution (QD) functions were deﬁned to characterize
the quantum states. Different quasi-probabilities containing infor-
mation about the system state were deﬁned. From these QD
functions the so-called Q-function [4,5] is deﬁned in a manner that
guarantees it to be non-negative and gives it a probability inter-
pretation. Q-function is used in the ﬁeld of quantum optics
and particularly for tomographic purposes applied in the study of
quantum effects in superconductors [6]. Another quasi-distribution
function is the Wigner function, where the statistical properties of a
single mode light ﬁeld are described by theWigner function [7,8]. In
fact this function can attain negative values in some areas of phase
space when the system has nonclassical projections. Therefore, the
negative values of the Wigner function is indeed a good indication
of the nonclassical character of the state [9,10].
Classical information-theoretic entropy associated with quan-
tum ﬁelds was introduced by Wehrl [11] in terms of the Glauber
coherent states and the Q-function. It has been demonstrated that
the Wehrl entropy is a useful measure of various quantum proper-
ties, including quantum noise [12], decoherence [13,14] and
quantum interference [15]. Additionally, it has been applied to
dynamical systems, e.g., the evolution of a single-mode of radia-
tion ﬁeld with a two-level atom [16], i.e., the Jaynes–Cummings
model (JCM) [17]. For the JC model it has been found that the
Wehrl entropy is very sensitive to the phase-space dynamics of
Q-function. Also it illustrates the loss of coherence with the upper
limit for the phase randomization during the evolution of the
radiation ﬁeld [16]. The concept of the atomic Wehrl entropy has
been developed and applied to the JCM [18].
Superconducting qubits have been considered as possible candi-
dates for quantum information processing and have attracted much
attention in recent years [21–27]. It has been experimentally demon-
strated that the superconducting qubits possess macroscopic quan-
tum coherence and can be used to realize the conditional two-qubit
gate, where the superconducting qubits have gained substantial
interest as devices for application in quantum information processing
[28,29]. Josephson qubits are recognized as being among the most
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promising devices to implement solid state quantum computation
[30]. The manipulation of quantum states in individual and coupled
qubits (Cooper-pair box) has been demonstrated experimentally
[31] and the behavior of charge oscillations in superconducting
Cooper pair boxes weakly interacting with an environment has been
discussed [32]. Superconducting circuits can behave like atoms and
test quantum mechanics at macroscopic scales and be used to
conduct atomic-physics experiments on a silicon chip [28,29].
Furthermore, the quantum dynamics of a Cooper-pair box with a
superconducting loop in the presence of a non-classical microwave
ﬁeld have been investigated, see Ref. [25].
With the development of quantum information theory, correla-
tions are playing an increasingly fundamental and important role
in the study and exploitation of quantum advantage. In particular,
it has been widely recognized, during the past few decades, that
correlations (including entanglement, and more generally, quan-
tum correlations) are valuable resources for quantum information
processing [33–39]. On the other hand, realistic quantum systems
will inevitably interact with the environments. The interaction
between the system and the environment usually leads to a
decoherence process [40,41]. This is one fundamental obstacle to
reliable quantum computation. Therefore, a signiﬁcant number of
works have been devoted to study the dynamics of quantum
information under environmental effects [42,43].
Motivated by the above useful topics and the potential applica-
tions in quantum information processing, in this paper we offer
Q-function and its useful applications for studying the information
of the phase space, purity loss and relaxation process for a
superconducting charge qubit conﬁned in a single-mode micro-
cavity coupled to its environment. The material of this paper is
organized as follows. In Section 2 we present the system Hamilto-
nian of a superconducting charge qubit interacting with a single-
mode microwave cavity ﬁeld. Then we calculate the analytical
solution for the density operator in the presence of the damping
terms. Section 3 is devoted to the Wehrl entropy and discusses the
inﬂuence of the damping terms on the Wehrl entropy in the
absence and presence of the detuning parameter. In Section 4 we
discuss the purity loss of the states and study relaxation process.
Finally, the paper is concluded in Section 5 with some brief
remarks.
2. The physical model and its solution
We consider a system consisting of a single-mode microwave
cavity ﬁeld interacting with a superconducting charge qubit. The
Hamiltonian for this system can be described by [44,45]
H^ ¼ωℏa^† a^þℏEzs^zℏEJs^ þ exp
iπ
Φ0
ðI^ΦCþηa^þηna^†Þ
 
ℏEJs^  exp
 iπ
Φ0
ðI^ΦCþηa^þηna^†Þ
 
ð1Þ
where ω is the frequency of the cavity ﬁeld. The operators s^z and
s^7 are Pauli operator deﬁned by s^z ¼ je〉〈ejjg〉〈gj and s^þ ¼
je〉〈gj; s^ ¼ jg〉〈ej, where je〉 and jg〉 are the excited and ground
states of the qubit, respectively. Here, a^ and a^† are annihilation and
creation operators of the cavity, respectively and I^ is an identity
operator, EJ is the coupling constant of the interaction system. The
qubit charging energy Ez ¼ 2Echð12ngÞ, which depends on the
gate charge ng. It is to be mentioned that the effect of the bias
parameter (Eza0) in the ultra-strong coupling regime on the
possibility of preparing nonclassical states (see Ref. [46]) and on
the sudden transition from an uncorrelated state to an increasingly
corrected one have recently been studied; for more details see
Ref. [47]. Here we consider the case nea12: The single-electron
charging energy is Ech ¼ e2=2ðCgþ2CJÞ, Cg and CJ are capacities.
The third term is the nonlinear charge qubit–photon interaction,
whereΦC is generated by a classical applied magnetic ﬁeld andΦ0
is the quantum ﬂux. The parameter η has units of magnetic ﬂux
and its absolute value represents the strength of the quantum ﬂux
inside the cavity and can be expressed as jηj ¼ S
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ωℏ=ɛ0V C
2
q
j cos
ð2πz0=λÞj [48], where jηj depends on the area S of the surface
deﬁned by the contour of the superconducting quantum inter-
ference device (SQUID) and its position z0, λ is the wavelength of
cavity ﬁeld and V is the volume of the cavity. If the light ﬁeld is not
so strong (e.g., if the average number of photons inside the cavity
N¼ 〈a^†a^〉r100, then we can only keep the ﬁrst order of πη=Φ0
and safely neglect all higher orders).
If the charge qubit-photon system works at low temperatures T,
the mean number of thermal photons in the cavity can be negligible
in the microwave regime [49], and the cavity is approximately
considered in the zero-temperature environment. Therefore, in this
paper we take into account only the ﬁeld mode damping and ignore
the qubit state damping. The cavity is assumed to be at zero
temperature. Then, the master equation for the density matrix of
the combined (qubit-ﬁeld) system is given by
dρ^ðtÞ
dt
¼  i ωa^† a^þEzs^zEJ s^þ eiπΦC=Φ0
iπ
Φ0
ðI^þηa^þηna^†Þ
 
þh  c
 
; ρ^ðtÞ
 
þγð½aρ^ðtÞ; a^† þ½a^; ρ^ðtÞa^† Þ; ð2Þ
where γ is the reservoir damping parameter. To solve the master
equation (2), we make some transforms. Now we redeﬁne the
following operators:
h^x ¼ s^ þ exp
 iπΦC
Φ0
 
þ s^ exp
iπΦC
Φ0
 
h^y ¼  is^þ exp  iπΦCΦ0
 
þ is^ exp iπΦCΦ0
 
h^z ¼ s^z ð3Þ
It is to be noted that je〉 and jg〉 are eigenstates of h^z as well as s^z .
These rotated operators h^z; h^x and h^y satisfy the following properties:
½h^x; h^y ¼ 2ih^z; ½h^y; h^z ¼ 2ih^x; ½h^z; h^x ¼ 2ih^y ð4Þ
After taking Eq. (3) into account the master equation (2)
transforms to the following form:
dρ^ðtÞ
dt
¼  i ωa^† a^þEzh^zEJh^x
πEJ
Φ0
ðηa^þηna^†Þh^y; ρ^ðtÞ
 
þγ ½aρ^ðtÞ; a^† þ½a^; ρ^ðtÞa^† 
	 

: ð5Þ
A new transformation is applied where the states j1〉 and j0〉 are
considered to be the new excited and the ground state, respec-
tively. The connection between the states je〉, jg〉 and the states
j1〉; j0〉 takes the following form [37,38]:
j1〉¼ cos ξje〉þ sin ξjg〉; j0〉¼ cos ξ jg〉 sin ξje〉; ð6Þ
where ξ¼ 12 tan 1ðEz=EJÞ. The corresponding new operators χ^ z
and χ^ 7 read as χ^ þ ¼ j1〉〈0j; χ^  ¼ j0〉〈1j and χ^ z ¼ j1〉〈1jj0〉〈0j, and
satisfy the following properties:
½χ^ þ ; χ^   ¼ χ^ z; ½χ^ z; χ^ 7  ¼ 72χ^ 7 ð7Þ
This in fact would give us an advantage to transform the master
equation (5) after applying the rotating wave approximation into
the form
dρ^ðtÞ
dt
¼  i ωa^† a^þΩ0 χ^ zλðηa^χ^ þ þ χ^ ηna^†Þ; ρ^ðtÞ
h i
þγð½a^ρ^ðtÞ; a^† þ½a^; ρ^ðtÞa^† Þ; ð8Þ
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with Ω0 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
E2z þE2J
q
and λ¼ πEJ=Φ0. Thus we have managed to
remove the driving term from Eq. (8) while its effect is concealed
in the augmented atomic frequency Ω0, which shifts the atomic
energy levels to Ω0 ¼ 712
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
E2z þE2J
q
. The connections between the
original operators s^ 0s and the rotating operators χ^ 0s take the form
s^x ¼ cos
πΦC
Φ0
ðχ^ x cos 2ξ χ^ z sin 2ξÞ χ^ y sin
πΦC
Φ0
s^y ¼ sin πΦCΦ0
ðχ^ x cos 2ξ χ^ z sin 2ξÞþ χ^ y cos
πΦC
Φ0
s^z ¼ χ^ z cos 2ξþ χ^ x sin 2ξ ð9Þ
To solve Eq. (8) in the case of a high-Q cavity (γ5λ), we employ
the so-called dressed-states representation [50,51], i.e., represen-
tation consisting of the complete set of Hamiltonian eigenstates:
jφ7n 〉¼ β7n j1;n〉7β8n j0;nþ1〉; n¼ 0;1;2;… ð10Þ
where
β7n ¼
1ﬃﬃﬃ
2
p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
18
δ
ηn
s
; ηn ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
δ2þλ2ðnþ1Þ
q
; δ¼ωΩ0
2
ð11Þ
Note that the ﬁeld operators which appear in Eq. (8) have to be
written in terms of the dressed-states. Therefore we can use the
representation R^ðtÞ ¼ ei ~^H tρ^ðtÞe i ~^H t to obtain an equation for R^ðtÞ in
terms of the dressed states jφ7n 〉. In this context the equation of
motion for R^ðtÞ is found to be a sum of time-independent and
time-dependent terms. The time-dependent terms in this equa-
tion oscillate at frequency proportional to the qubit-ﬁeld coupling
λ. Furthermore, it was also shown that the contribution of the
oscillatory terms is of order (γ2=λ2) [51]. Hence, if we make the
secular approximation [50,51], i.e., we neglect the oscillatory terms
in Eq. (8) assuming that γ5λ, then we have
dR^ðtÞ
dt
¼ ei ~^H t∂ρ^ðtÞ
∂t
e i
~^H tþ i½ ~^H ; R^ðtÞ: ð12Þ
We let
rijmn ¼ 〈φimjRðtÞjφjn〉; i; j¼ 1;0 ð13Þ
be the off-diagonal elements rijmn of the density matrix R(t), then
we ﬁnd that they are given by
r77mn ðtÞ ¼ r77mn ð0Þ expðγðmþnþβ82m þβ82n ÞtÞ; 8man;
r78mn ðtÞ ¼ r78mn ð0Þ expðγðmþnþβ82m þβ72n ÞtÞ; 8m;n: ð14Þ
But the diagonal elements rijnn (abbreviating as r
ij
n) of the density
matrix R(t) satisfy the equation
_r77n ðtÞ ¼ 2γ½f 72nþ1r77nþ1 ðtÞþg72nþ1r88nþ1 ðtÞðnþβ
82
n Þr77n ðtÞ ð15Þ
where
f 7n ¼
ﬃﬃﬃ
n
p
β7n1β
7
n þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
nþ1
p
β8n1β
8
n ; g
7
n ¼
ﬃﬃﬃ
n
p
β7n1β
8
n

ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
nþ1
p
β8n1β
7
n ð16Þ
The solution of these coupled differential equations can be written
as
r77n ðtÞ ¼ e2γðnþβ
8 2
n Þtr77n ð0Þþ2γ
Z t
0
e2γðnþβ
8 2
n Þτðf 72nþ1r77nþ1 ðτÞ
þg72nþ1r88nþ1 ðτÞÞ dτ: ð17Þ
If we assume that there is an upper limit on the number of
photons initially presented in the system, then we ﬁnd r77Nþ1 ðtÞ ¼ 0
is always true. This is due to which the number of photons in the
cavity will only decrease at n¼N;N1;…
r77N ðtÞ ¼ r7N ð0Þ expð2γðNþβ
82
N ÞtÞ; ð18Þ
r77N1 ðtÞ ¼ r77N1 ð0Þ expð2γðNþβ
82
N11ÞtÞ
þ f
72
N r
77
N ð0Þ
ðβ82N1β82N 1Þ
ðexpð2γð1þβ82N β82N1ÞtÞ1Þ
þ g
72
N r
88
N ð0Þ
ðβ82N1β72N 1Þ
ðexpð2γð1þβ82N β82N1ÞtÞ1Þ; ð19Þ
where we have considered that N is large enough to insure the
convergence condition. To investigate the effect of a cavity damp-
ing on the quantum information, the qubit-photon system is
assumed to be initially in the state ρ^ð0Þ ¼ R^ð0Þ ¼ je;α〉〈e;αj, where
the qubit is initially in the state je〉〈ej, while the ﬁeld is initially in a
coherent state jα〉¼∑1n ¼ 0qnjn〉, where qn ¼ ejαj
2=2αn=
ﬃﬃﬃﬃ
n!
p
, and α
is a complex number in general.
With the initial density matrix R^ð0Þ, the elements of the density
matrix ρ^ðtÞ are given by
while
〈1jρ^mnðtÞj0〉¼ 〈0jρ^mnðtÞj1〉†
¼ qmqnn½βm βþn e iλ
þ
1 trþ þmn βþm βn e iλ

1 tr mn
þβm βn e iλ
þ
2 trþ mn βþm βþn e iλ

2 tr þmn jm〉〈nj; ð22Þ
where λ71 ¼ωðmnÞ7ηm8ηn and λ72 ¼ωðmnÞ7ηm7ηn. By
using the transforms of Eq. (6), the exact solution of the master
equation (8) in the case of a high-Q cavity is given by
ρ^ðtÞ ¼ ∑
m;n
½〈1jρ^mnðtÞj1〉 cos 2 ξþ〈0jρ^mnðtÞj0〉 sin 2 ξ
 sin ξ cos ξð〈1jρ^mnðtÞj0〉þ〈0jρ^mnðtÞj1〉Þje〉〈ej
þ½〈0jρ^mnðtÞj0〉 cos 2 ξþ 〈1jρ^mnðtÞj1〉 sin 2 ξð〈1jρ^mnðtÞj0〉
þ 〈0jρ^mnðtÞj1〉Þ sin ξ cos ξjg〉〈gjþ½〈1jρ^mnðtÞj0〉 cos 2 ξ
 〈0jρ^mnðtÞj1〉 sin 2ξþð〈1jρ^mnðtÞj1〉
〈1jρ^mnðtÞj1〉¼
qm q
n
n½βþm βþn e iλ
þ
1 trþ þmn þβm βn e iλ

1 tr mn þβþm βn e iλ
þ
2 trþ mn
þβm βþn e iλ

2 tr þmn jm〉〈nj; man
jqnj2½βþ2n rþn ðtÞþβ2n rn ðtÞþ2qnnqnβþn βn eγð2nþ1Þt cos ð2ηntÞjm〉〈nj; m¼ n
8><
>: ð20Þ
and
〈0jρ^mnðtÞj0〉¼
qm q
n
n½βm βn e iλ
þ
1 trþ þmn þβþm βþn e iλ

1 tr mn βm βþn e iλ
þ
2 trþ mn
βþm βn e iλ

2 tr þmn jm〉〈nj; man
jqnj2½β2n rþn ðtÞþβþ2n rn ðtÞ2jqnj2βþn βn e γð2nþ1Þt cos ð2ηntÞjm〉〈nj; m¼ n
γ
R t
0½rþ þ00 þr mn  dτj0〉〈0j; m¼ n¼ 0
8>>><
>>>:
ð21Þ
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 〈0jρ^mnðtÞj0〉Þ sin ξ cos ξje〉〈gj
þ½〈0jρ^mnðtÞj1〉 cos 2 ξ 〈1jρ^mnðtÞj0〉 sin 2 ξþð〈1jρ^mnðtÞj1〉
 〈0jρ^mnðtÞj0〉Þ sin ξ cos ξjg〉〈ej: ð23Þ
Having obtained the density matrix, we are therefore in a position to
study the dynamical properties of the purity and the entanglement
for the present system (a single-mode microwave cavity ﬁeld with a
superconducting charge qubit). We assume that the SC Cooper-pair
box is made from aluminum, with a energy gap of  2:4K (about
50 GHz) [52]; the charge energy Ech and the Josephson energy EJ are
4Ech=h¼ 149 GHz and 2EJ=h¼ 13:0 GHz, respectively. The fre-
quency of the cavity ﬁeld is taken as 40 GHz, corresponding to a
wave-length  0:75 cm. Therefore, the SC energy gap is the largest
energy and the quasiparticle excitation on the island can be well
suppressed at low temperatures. If SQUID area is assumed to be
about 50 mμ  50 mμ, the absolute value jZj of the qubit-photon
coupling constant is about jZj ¼ 4 106 rad s1. The gate voltage is
adjusted such that the gate charge is ng ¼ 0:634233, which can be
experimentally achieved [52], then the detuning δ¼ 9 106 rad s1
and ξC12 tan
1ð4013ÞC361.
3. Wehrl density and its entropy
The connection between classical and quantum mechanics can
be established via a family of generalized coherent states jμ〉. For
several examples of the classical phase spaces, there exist a
canonical family of coherent states. It forms an overcomplete basis
and allows for an identity resolution
R
Ωjν〉〈νj dμ¼ I; where Ω is a
classical phase-space. Any quantum state, described by a density
matrix ρ^, can be represented by Q-function, QρðνÞ ¼ 〈νjρ^jν〉. The
standard normalization of the coherent states, 〈νjν〉¼ 1, assures
that
R
ΩQρðνÞ dν¼ 1. From the Q-function, the Wehrl entropy of a
quantum state ρ^ is deﬁned as [53]
Sρ ¼ 
Z
Ω
QρðνÞ : ln QρðνÞ dν; ð24Þ
in which the integration over the phase space. This quantity
characterizes the localization properties of a quantum state in
the classical phase space Ω. In this work we analyze in detail only
the case of the sphere Ω¼ S2. This phase space is typical to
physical problems involving spins, due to the algebraic properties
of the angular momentum operator J. In this case one uses the
family of spin coherent states jθ;ϕ〉 localized at points ðθ;ϕÞ of the
sphere S2. The vector coherent state represents the reference state
rotated by the angles θ and ϕ. Its expansion in the basis jj;m〉,
m¼  j;…; þ j reads [54] as
jθ;ϕ〉¼ ∑
m ¼ j
m ¼  j
sin
θ
2
 jm
cos
θ
2
 jþm
eiðjmÞϕ
2j
jm
 !" #1=2
jj;m〉
ð25Þ
For the case of spin12, i.e., j¼ 12, this state becomes the Bloch
coherent state of the atomic phase space parameters θ and ϕ and
dυ¼ sin θ dθ dϕ. Therefore, the Q-function for the qubit state
ρ^qðtÞ is deﬁned as [18,19]
Qqðθ;ϕ; tÞ ¼
1
2π
〈θ;ϕjρ^qðtÞjθ;ϕ〉;
¼ 1
4π
½1þAz cos θþðAx cos ϕþAy sin ϕÞ sin θ ¼
1þβ
4π
;
ð26Þ
with Aε ¼ 〈s^εðtÞ〉; ε¼ x; y; z, and ρ^qðtÞ is the reduced density matrix
of the qubit. Then the Wehrl entropy of the qubit state is written
as
SðtÞ ¼
Z 2π
0
Z π
0
Sqðθ;ϕ; tÞ sin θ dθ dϕ¼ ln ð4πÞDðtÞ; ð27Þ
with
DðtÞ ¼ ∑
1
n ¼ 1
ð1Þn
Z 2π
0
Z π
0
βnþ1þβn
4πn
sin θ dθ dϕ; ð28Þ
and Sqðθ;ϕ; tÞ is the qubit Wehrl density (see Refs. [18,19]) which is
given by
Sqðθ;ϕ; tÞ ¼ Qqðθ;ϕ; tÞ ln ½Qqðθ;ϕ; tÞ; ð29Þ
which will be used in the next section.
4. Loss of information, purity and relaxation process
The Wehrl density and Wehrl entropy of a qubit are very
important measurements in the ﬁeld of quantum information and
quantum computation [20]. Therefore, in the following, they are
used as measures for loss of information, purity and relaxation
process of the qubit states in the space.
4.1. Loss of information
The Wehrl density of the qubit is used as a useful measure for
loss of information about the charge qubit state due to its
interactions with cavity environment. In this context, the informa-
tion loss means that the Wehrl density is independent of the qubit
phase space parameters θ and ϕ. From Eq. (29), we note that the
Wehrl density is dependent on the phase space parameters θ and
0
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Fig. 1. (Color online). Charge qubit Wehrl density Sq as a function of θ and ϕ. The ﬁeld starts from a coherent state with jαj2 ¼ 16 at t¼π. With ðγ; δÞ ¼ ð0:0λ;4:5λÞ in (a) and
ðγ; δÞ ¼ ð0:05λ;4:5Þ in (b).
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ϕ. To see the effect of the damping terms on the dynamical
behavior of the qubit Wehrl density, we have plotted Sq against
both θ and ϕ. The qubit is assumed to be initially in its upper state,
and the ﬁeld starts from a coherent state with jαj2 ¼ 16 at ﬁxed
time t ¼ tr=8¼ π
ﬃﬃﬃ
n
p
=4. In Fig. 1 we show an example of the
behavior of the Wehrl entropy as a function of the phase space
parameters θ and ϕ together with different values of the damping
parameter γ and ﬁxed value of time t. In this ﬁgure, by comparing
the general behavior of the Wehrl entropy, depending on para-
meters, one can ﬁnd two different features corresponding to the
region consideration of the variables θ and ϕ. In the absence of
damping, we see that the information of the phase space which is
represented by the Wehrl entropy density has peak and valleys
regularly distributed, also these surfaces regularly distribute above
and under the level Sqðθ;ϕ; tr=8Þ ¼ 0:2 as observed in Fig. 1a. After
adding the damping parameter into consideration and adjust
γ=λ¼ 0:05, we see that the regularity in the previous case is
washed out and the Wehrl entropy density decays in a very fast
way. This effect can be explained by the fact that the increase of
the dissipation rates enhances the coupling between the system
and the environment and consequently increases the decoherence
and hence loss of information (see Fig. 1b).
4.2. Purity loss
There are two sources of purity loss in the present system. One
of them is due to the unitary qubit-cavity interaction. This process
is usually called entanglement and from the point of view of one of
the subsystems, a purity loss will take place. On the other hand,
the interaction of the ﬁeld subsystem with the environment also
induces purity loss, and this process is usually called decoherence.
Due to decoherence, a pure state is apt to change into a mixed
state [55–57]. However, in many cases of quantum information
processing, one requires a state with high purity and large amount
of entanglement. Recently, atomic Wehrl entropy is used by
[18,58], in the case in which the damping is absent, as a measure
of entanglement in the quantum systems and atomic phase space
uncertainty. In the presence of the damping terms (the case of a
mixed state), Wehrl entropy is used to measure the dynamics of
purity loss, but the entanglement can be measured by the
concurrence [59,60] and the negativity [61,62]. It is proved that
the atomic Wehrl entropy exhibits a temporal evolution similar to
the von Neumann entropy [18]. Motivated by the importance of
the physics of the decoherence and these papers [18,63], the
Wehrl entropy is used to measure the purity loss of a charge qubit
state which is generated with a lossy cavity ﬁeld. Here, purity loss
means that, at the maxima, the atom loses coherence, and partially
gains it at the minima that refer to gains and losses of the
off-diagonal elements of the density matrix. Finally, after a very
long time, the atomic state loses purity and asymptotically reaches
a statistically mixed state.
Now we examine the dynamics of the Wehrl entropy numeri-
cally where the same initial parameters of the above section will
be used. We observe that in the absence of the damping terms, the
entropy dynamically satisﬁed the inequality 2:3oSðtÞo2:55. Also
the Wehrl entropy function reaches the maximum values at the
half of the time revivals. It is noted that the entanglement is
reduced to its minimum values regularly before and after the
quarter of the revivals time as observed in Fig. 2a. To visualize the
effect of the damping terms on the system interaction, we set
γ ¼ 0:005λ. It is shown that adding the damping terms leads to
increasing the minimum values of the entropy and the ﬂuctuation
of the Wehrl entropy S(t) in the previous case is decreased after
adding the damping parameter. In this case, the subsystem dis-
plays strong entanglement in the time evolution process as
observed in Fig. 2b. At the maxima, the charge-qubit loses its
coherence, and partially gains its coherence at the minima.
However, the qubit loses its coherence more than it gains due to
damping, and ﬁnally completely loses its coherence. Therefore, the
coherence of the charge-qubit oscillates due to the unitary qubit-
ﬁeld interaction process, but it is ﬁnally lost due to the damping
effect.
4.3. Relaxation process
Relaxation process which is induced by the interaction with the
environment plays an important role in the evolution of physical
systems. It is known that the diagonal elements describe a
relaxation transition from a level to other level. Therefore, the
dynamical behavior of the relaxation process is measured by
ΛðtÞ ¼ 〈ejρ^ðtÞje〉. To see what happens to the temporal evolution
of the relaxation process from je〉 to jg〉 with the damping, the
dynamical behavior of ΛðtÞ is exhibited (see Fig. 3a and b). The
relation between the suggested measure for the relaxation process
and Wehrl entropy is given by
DðtÞ ¼ SðtÞ lnð4πÞ: ð30Þ
Therefore we can use this fact to discuss the behavior of the
entanglement of the subsystem. This is achieved in Fig. 3 where
we have plotted the function D(t) against the scaled time λt and
the function ΛðtÞ by using the same data as in the previous
sections. For example, when we consider γ=λ¼ 0 the function
D(t) shows maximum entanglement after the onset of the inter-
action. This behavior is consistent with the revival period which is
seen in the behavior of the function ΛðtÞ, see Fig. 3a. However, it
turns to reduce its value and approaches zero where we can see
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Fig. 2. (Color online). The Wehrl entropy S(t) as a function of λt when jαj2 ¼ 16 and different values of γ=λ with δ¼ 4:5λ.
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almost maximum entanglement. As the time increases the func-
tion increases its maximum and consequently never reaches the
pure state. It is also noted that the function shows a strong
interference between the patterns during the periods of the
ﬂuctuations. When we consider the case in which γ/λ¼0.005 the
function displays completely different behavior compared with
the above case.
However, it decreases its minimum and reaches the maximum
entanglement. Also we can observe a reduction in the interference
between the patterns during the ﬂuctuations, see Fig. 3b. This
behavior becomes more elucidated when we see the behavior of
the function ΛðtÞ. In this case we can see an appearance of one
period of the revival region after the onset of the interaction and
the amplitude of oscillations decays as the time increases and
becomes steady at ΛðtÞ ¼ 0:5 as observed in Fig. 3a. This means
that an increase in the value of the damping parameter γ=λ leads
to fast relaxation to the mixed state. From Fig. 3b, we note that the
term D(t) decays too fast and reaches to zero. This is because, this
term explicitly depends on the elements of reduced density matrix
of the charge-qubit which is vanished exponentially as t-1. This
indicates that the system gets closer to the classical behavior faster
than in the case of no environment effect or closed system.
5. Conclusion
In this contribution, we have investigated a general interaction
of a single-mode microwave cavity ﬁeld interacting with a super-
conducting charge qubit with the damping included. The analy-
tical solution for the master equation of the system is explored for
the case nega12. It is found that due to the coupling between the
system and the environment the purity is lost. The Wehrl entropy,
purity loss of the states in particular have been discussed. In the
absence of the damping terms, the system is in an entangled state
all the time except at the initial time. The decay parameter
increases the entanglement between the charge qubit and the
ﬁeld to maximum as the time increases. We can conclude that the
quantum information as well as the Wehrl entropy and the
entanglement between the subsystem and the relaxation process
can be controlled by the damping parameter.
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